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ABSTRACT
The theory of N = 1 supergravity with gauged supermatter is studied in the context of a k = + 1 Friedmann
minisuperspace model. It is found by imposing the Lorentz and supersymmetry constraints that there are no
physical states in the particular SU(2) model studied.
The subjects of supersymmetric quantum gravity and cosmology have achieved a con-
siderable number of very interesting results and conclusions during the last ten years or
so [2,3]. Our objective here is to study a k = 1 supersymmetric FRW mini-superspace
quantum cosmological model with a family of spin-0 as well as spin-1 gauge fields together
with their odd (anti-commuting) spin-12 partners with zero analytic potential P
(
ΦI
)
. The
supersymmetry constraints will be derived from the reduced theory with supermatter.
Subsequently, we solve for the components of the wave function using the quantum con-
straints. We will then find that there are no solutions for the quantum states of the FRW
universe analysed here.
Let us begin by specifying our model in some detail. The Lagrangian of the theory
studied here is given in Eq. (25.12) of ref. [1]; it is too long to write out here. We choose
the geometry to be that of a k = +1 Friedmann model with S3 spatial sections, which are
the spatial orbits of G = SO(4) – the group of homogeneity and isotropy. The tetrad of
the four-dimensional theory can be taken to be:
eaµ =
(
N(τ) 0
0 aEaˆi
)
, eaµ =
(
N(τ)−1 0
0 a(τ)−1Eaˆi
)
where aˆ and i run from 1 to 3. Eaˆi is a basis of left-invariant 1-forms on the unit S
3 with
volume σ2 = 2π2. The spatial tetrad eAA
′
i satisfies the relation
∂ie
AA′
j − ∂jeAA
′
i = 2a
2eijke
AA′k
as a consequence of the group structure of SO(3), the isotropy (sub)group.
This Ansatz reduces the number of degrees of freedom provided by eAA′µ. If super-
symmetry invariance is to be retained, then we need an Ansatz for ψAµ and ψ¯
A′
µ which
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reduces the number of fermionic degrees of freedom, so that there is equality between the
number of bosonic and fermionic degrees of freedom. One is naturally led to take ψA0 and
ψ¯A
′
0 to be functions of time only. We further take
ψAi = e
AA′
iψ¯A′ , ψ¯
A′
i = e
AA′
iψA
where we introduce the new spinors ψA and ψ¯A′ which are functions of time only. [It is
possible to justify the above Ansatz by requiring that the form of the tetrad be preserved
under suitable homogeneous supersymmetry transformations. [2]
Now, consider the supermatter fields. The scalar super-multiplet, consisting of a
complex massive scalar field φ and massive spin-12 field
χ, χ¯ are chosen to be spatially
homogeneous, depending only on time. The odd spin-12 partner
(
λ(a), λ¯(a)
)
, a = 1, 2, 3,
is chosen to depend only on time as well. As far as the vector field A
(a)
µ is concerned we
adopt here the Ansatz formulated in ref. [4] and choose
Aµ(t) ω
µ =
f(t)
2
Tcωc
where {ωµ} represents the moving coframe {ωµ} = {dt, ωb} , (b = 1, 2, 3) , of one-forms,
invariant under the left action of SU(2) and Ta are the generators of the SU(2) gauge
group. Notice in the above form for the gauge field the A0 component is taken to be
identically zero. Thus, we will have in our FRW case a gauge constraint Q(a) = 0.
Using the Ansa¨tze previously described, the action of the full theory (Eq. (25.12) in
ref. [1]) can be reduced to one with a finite number of degrees of freedom. Notice that with
our choice of gauge group SU(2) and compact Ka¨hler manifold, itdirectly follows that the
analytical potential P (ΦI) is zero [5]
Let us here solve explicitly the corresponding quantum supersymmetry constraints.
First we need to redefine the fermionic fields, χA, ψA and λA in order to simplify the Dirac
brackets , following the steps described in ref. [6]:
χˆ
A =
σa
3
2
2
1
4 (1 + φφ¯)
χ
A ,
ˆ¯χ
A′ =
σa
3
2
2
1
4 (1 + φφ¯)
χ¯
A′ , πχˆ
A
= −inAA′ ˆ¯χ
A′
, π ˆ¯χ
A′
= −inAA′ χˆA
ψˆA =
√
3
2
1
4
σa
3
2ψA ,
ˆ¯ψA′ =
√
3
2
1
4
σa
3
2 ψ¯A′ , πψˆA = inAA′
ˆ¯ψ
A′
, π ˆ¯ψ
A′
= inAA′ ψˆ
A
λˆ
(a)
A =
σa
3
2
2
1
4
λ
(a)
A ,
ˆ¯λ
(a)
A′ =
σa
3
2
2
1
4
λ¯
(a)
A′ , πλˆ(a)
A
= −inAA′ ˆ¯λ
(a)A′
, πˆ¯λ
(a)
A′
= −inAA′ λˆ(a)A
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The Dirac brackets are:
[χˆA, ˆ¯χA′ ]∗ = −inAA′ , [ψˆA, ˆ¯ψA′ ]∗ = inAA′ , [λˆ(a)A , ˆ¯λ
(a)
A′ ]∗ = −iδabnAA′
[a, πa]∗ = 1 , [φ, πφ]∗ = 1 , [φ¯, πφ¯]∗ = 1 , [f, πf ] = 1
and the rest of the brackets are zero. It is simpler to describe the theory using only (say)
unprimed spinors, and, to this end, we define
ψ¯A = 2n
B′
A ψ¯B′ , χ¯A = 2n
B′
A
χ¯
B′ , λ¯
(a)
A = 2n
B′
A λ¯
(a)
B′
with which the new Dirac brackets are
[χA, χ¯B ]∗ = −iǫAB , [ψA, ψ¯B]∗ = iǫAB , [λ(a)A , λ¯(a)A′ ]∗ = −iδabǫAB
The rest of the brackets remain unchanged. Hence the only non-zero (anti-)commutator
relations are:
{λ(a)A , λ(b)B} = δabǫAB , {χA, χ¯B} = ǫAB , {ψA, ψ¯B} = −ǫAB
[a, πa] = [φ, πφ] = [φ¯, πφ¯] = [f, πf ] = i
Here we choose (χA, ψA, a, φ, φ¯) to be the coordinates of the configuration space, and
χ¯
A, ψ¯A, πa, πφ, πφ¯ to be the momentum operators in this representation. Hence
λaA → −
∂
∂λ¯(a)A
, χ¯
A → − ∂
∂χA
, ψ¯A → ∂
∂ψA
πa → ∂
∂a
, πφ → −i ∂
∂φ
, πφ¯ → −i
∂
∂φ
, πf → −i ∂
∂f
Following the ordering used in ref. [2], we put all the fermionic derivatives in SA on
the right. In S¯A, all the fermonic derivatives are on the left. Implementing all these
redefinitions, the supersymmetry constraints have the differential operator form
SA = − i√
2
(1 + φφ¯)χA
∂
∂φ
− 1
2
√
6
aψA
∂
∂a
−
√
3
2
σ2a2ψA − 5i
4
√
2
φ¯χAχ
B ∂
∂χB
− 1
8
√
6
ψBψ
B ∂
∂ψA
− i
4
√
2
φ¯χAψ
B ∂
∂ψB
− 5
4
√
6
χ
Aψ
B ∂
∂χB
+
√
3
4
√
2
χBψB
∂
∂χA
3
+
1
2
√
6
ψAχ
B ∂
∂χB
+
1
3
√
6
σaAB′σ
bCC′n B
′
D n
B
C′ λ¯
(a)DψC
∂
∂λ¯(b)B
+
1
6
√
6
σaAB′σ
bBA′n B
′
D n
E
A′ λ¯
(a)Dλ¯
(b)
B
∂
∂ψE
− 1
2
√
6
ψAλ¯
(a)C ∂
λ¯(a)C
+
3
8
√
6
λ¯aAλ
(a)C ∂
∂ψC
+
1
2
√
2
σ2a3gD¯(a)λ¯aA −
1
4
√
6
ψC λ¯
(a)
C
∂
∂λ¯(a)A
+
σ2a2gf√
2(1 + φφ¯)
σaAA′n
BA′X¯(a)χB
+σaAA′n
BA′ λ¯
(a)
B
(
−
√
2
3
∂
∂f
+
1
8
√
2
(1− (f − 1)2)σ2a4
)
We now proceed to find the wavefunction of our model. The Lorentz constraint JAB
is easy to solve. It tells us that the wave function should be a Lorentz scalar. We can see
that the most general form of the wave function which satisfies the Lorentz constraint is
Ψ = A+ iBψCψC + Cψ
Cχ
C + iDχ
Cχ
C +Eψ
CψCχ
Cχ
C
+caλ¯
(a)Cχ
C + daλ¯
(a)CψC + cabλ¯
(a)C λ¯
(b)
C + eaλ¯
(a)Cχ
Cψ
DψD
+faλ¯
(a)CψCχ
Dχ
D + dabλ¯
(a)Cχ
C λ¯
(a)Dχ
D + eabλ¯
(a)C λ¯
(b)
Cψ
DψD
+fabλ¯
(a)C λ¯
(b)
C
χDχ
D + gabλ¯
(a)C λ¯
(b)
C
χDψD + cabcλ¯
(a)C λ¯
(b)
C λ¯
(c)DψD
+dabcλ¯
(a)C λ¯
(b)
C λ¯
(c)Dχ
D + cabcdλ¯
(a)C λ¯
(b)
C λ¯
(c)Dλ¯
(d)
D + habλ¯
(a)C λ¯
(b)
Cψ
DψDχ
Eχ
E
+eabcλ¯
(a)C λ¯
(b)
C λ¯
(c)Dχ
Dψ
EψE+fabcλ¯
(a)C λ¯
(b)
C λ¯
(c)DψDχ
Eχ
E+dabcdλ¯
(a)C λ¯
(b)
C λ¯
(c)Dλ¯
(d)
Dψ
EψE
+eabcdλ¯
(a)C λ¯
(b)
C λ¯
(c)Dλ¯
(d)
D
χEχ
E+fabcdλ¯
(a)C λ¯
(b)
C λ¯
(c)Dλ¯
(d)
Dψ
Eχ
E+gabcdλ¯
(a)C λ¯
(b)
C λ¯
(c)DψDλ¯
(d)Eχ
E
µ1λ¯
(2)C λ¯
(2)
C λ¯
(3)Dλ¯
(3)
Dλ¯
(1)EψE+µ2λ¯
(1)C λ¯
(1)
C λ¯
(3)Dλ¯
(3)
D λ¯
(2)EψE+µ3λ¯
(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)EψE
+ν1λ¯
(2)C λ¯
(2)
C λ¯
(3)Dλ¯
(3)
D λ¯
(1)Eχ
E+ν2λ¯
(1)C λ¯
(1)
C λ¯
(3)Dλ¯
(3)
D λ¯
(2)Eχ
E+ν3λ¯
(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)Eχ
E
+Fλ¯(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)Eλ¯
(3)
E + habcdλ¯
(a)C λ¯
(b)
C λ¯
(c)Dλ¯
(d)
Dψ
EψEχ
Fχ
F
+δ1λ¯
(2)C λ¯
(2)
C λ¯
(3)Dλ¯
(3)
D λ¯
(1)EψEχ
Fχ
F + δ2λ¯
(1)C λ¯
(1)
C λ¯
(3)Dλ¯
(3)
D λ¯
(2)EψEχ
Fχ
F
+δ3λ¯
(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
Dλ¯
(3)EψEχ
Fχ
F + γ1λ¯
(2)C λ¯
(2)
C λ¯
(3)Dλ¯
(3)
D λ¯
(1)Eχ
Eψ
FψF
+γ2λ¯
(1)C λ¯
(1)
C λ¯
(3)Dλ¯
(3)
D λ¯
(2)Eχ
Eψ
FψF + γ3λ¯
(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)Eχ
Eψ
FψF
+Gλ¯(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)Eλ¯
(3)
Eψ
FψF +Hλ¯
(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)E λ¯
(3)
E
χFχ
F
4
+Iλ¯(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)E λ¯
(3)
E
χFψF +Kλ¯
(1)C λ¯
(1)
C λ¯
(2)Dλ¯
(2)
D λ¯
(3)Eλ¯
(3)
Eψ
FψFχ
Gχ
G
where A, B, C, D, E etc are functions of a, φ and φ¯ only. This Ansatz contains all allowed
combinations of the fermionic fields and is the most general Lorentz invariant function.
The next step is to solve the supersymmetry constraints SAΨ = 0 and S¯A′Ψ = 0.
Since each order in fermionic variables is independent, the number of constraint equations
will be very high. Their full analysis is quite tedious and to write all the terms would
overburden the reader. Let us show some examples of the calculations involved in solving
the SAΨ = 0 constraint.
Consider the terms linear in χA:
[
− i√
2
(1 + φφ¯)
∂A
∂φ
]
χ
A +
σ2a2gf√
2(1 + φφ¯)
σaAA′n
BA′X¯(a)AχB = 0.
Since this is true for all χA, the above equation becomes
[
− i√
2
(1 + φφ¯)
∂A
∂φ
]
ǫ BA +
σ2a2gf√
2(1 + φφ¯)
σaAA′n
BA′X¯(a)A = 0.
Mutliplying the whole equation by nBB′ and using the relation nBB′n
BA′ = 1
2
ǫ A
′
B′ , we can
see that the two terms are independent of each other since the σ matrices are orthogonal to
the n matrix. Thus, we conclude that A = 0. As we proceed, this pattern keeps repeating
itself. Some equations show that the coefficients have some symmetry properties. For
example, dab = 2gab. But when these two terms are combined with each other, they
become zero. It can be seen as follows,
dabλ¯
(a)Cχ
C λ¯
(a)DψD + gabλ¯
(a)C λ¯
(b)
C
χDψD
= 2gabλ¯
(a)C λ¯(b)DχDψC + gabλ¯
(a)C λ¯
(b)
C
χDψD
= −gabλ¯(a)C λ¯(b)CχDψD + gabλ¯(a)C λ¯(b)CχDψD
using the property that gab = gba and the spinor identity θAB =
1
2
θ CC ǫAB where θAB is anti-
symetric in the two indices. The same property applies to the terms with coefficients fabcd
and gabcd. Other equations imply that the coefficients cabc , dabc , cabcd , eabc , fabc , dabcd ,
eabcd , habcd are totally symmetric in their indices. This then leads to the terms cancelling
with each other, as can easily be shown. In the end, considering both the SAΨ = 0 and
S¯AΨ = 0 constraints, we are left with the surprising result that the wave function must be
zero in order to satisfy the quantum constraints.
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To summarise, we have applied the canonical formulation of the more general theory
of N = 1 supergravity with supermatter [6] to a k = +1 FRW mini-superspace model,
subject to suitable Ansa¨tze for the the gravitational field, gravitino field and the gauge
vector field Aaµ as well as the scalar fields and corresponding fermionic partners. After a
dimensional reduction, we derived the supersymmetric constraints for our one-dimensional
model. We then solved the Lorentz and supersymmetry constraints for the case of a two-
dimensional spherically symmetric Ka¨hler manifold. We found that there are no physical
states in this model. A similar conclusion was also obtained in ref. [7,8] where no matter
but a cosmological constant term was present. All this seems to suggest that as one
introduces more terms in a locally supersymmetric action,giving more field modes with
associated mixing, then the constraints impose severe restrictions on the possible allowed
states, assuming homogeneity and isotropy. This is not to say that there might not be
many inhomogenous states.
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